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OSCILLATION AND A CLASS OF LINEAR
DELAY DIFFERENTIAL EQUATIONS

BY
DAVID LOWELL LOVELADY

ABSTRACT. The differential equation 4™ (r) + p(t)u(g(r)) = 0, where p is
one-signed, is broken into four cases, according to the parity of m and the
sign of p. In each case, an analysis is given of the effect g can have on
oscillation properties, and oscillation and nonoscillation criteria are given.

I. Introduction. Let ¢ be a continuous function from [0, e0) to (0, o), let n
be a positive integer, and let G be the set to which g belongs if and only if g
is an unbounded nondecreasing continuous function from [0, c0) to [0, o)
such that g(¢/) < ¢ whenever ¢ > 0. We propose to study herein the four linear
delay differential equations

m u®(@) + q(u(g(r)) = 0,
@) V() - g(u(g(r)) = 0,
3) () - g(Du(g() = 0,
and

@ w00 + g(u(g(®) = 0,

where g is in G. Of particular interest are the oscillation properties of (1), (2),
(3) and (4), and a comparison of these properties with the oscillation properties
of

() w1 + q(u(?) = 0,
(6) U@ () = g(Yu(r) = 0,
™) 4@ (5) - g()u(r) = 0,
and
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®) u@* (1) + g(D)u()) = 0.

By a solution of (1) we shall mean a continuous real-valued funct.on u on
[0, 00) for which there is b, > 0 such that u®) exists on (b,, ) and such that
(1) is true whenever ¢ > b,. Solutions of (2), (3) and (4) are defined
analogously. A continuous real-valued function u on [0, c0) is called oscillatory
if and only if the set {r: u(f) = 0} is unbounded. An alternative definition of
oscillatory would be that each of {t: u(r) > 0} and {r: u(f) < 0} is unbounded.
For solutions of (1), (2), (3) and (4) which are not eventually trivial, these two
notions of oscillation will turn out to be the same.

The relationship of (1) and (2) to (5) and (6), respectively, is that a large
delay (small g) can des.roy oscillation, but no delay can induce oscillation.
This is an extension of second order results of T. Burton and R. Grimmer [2],
P. Waltman [20], and the present author [13]. The relations’.ip of (3) and (4)
to (7) and (8) is more involved. In these cases a larre delay can destroy
oscillation in unbounded solutions but induce oscillatic: in bound«a solu-
tions. There is a “middle ground” in which the delay is small enough to
preserve oscillation in unbounded solutions but large enough to induce
oscillation in bounded solutions. In particular, we shall give conditions which
ensure that every solution of (4) is oscillatory. Our conditions will be different
from those given by G. Ladas, V. Lakshmikantham, and J. S. Papadakis [8,
Corollary 3.2). Our primary sources for the oscillation properties of (5), (6), (7)
and (8) are [9], [10], [11] and [12], and our primary sources for delay-induced
oscillation are [8], [15], [16], [17] and [18].

II. General considerations. Before studying oscillation and nonoscillation
criteria for (1), (2), (3) and (4), we need information on the structure of
solutions. If u is a solution of (1), (2), (3) or (4), we shall call u trivial if and
only if u(f) = 0 whenever ¢t > b,, and we shall call u eventually trivial if and
only if there is ¢ > b, such that u(f) = 0 whenever ¢ 3 c.

THEOREM 1. Suppose g is in G, and u is an eventually trivial but not trivial
solution of (1), (2), (3) or (4). Let c be the least member of [b,, ) such that
u(t) = 0 whenever t > c. Then g(c) = c.

COROLLARY 1. Suppose g is in G and g(t) < t whenever t > 0. Then no
nontrivial solution of (1), (2), (3) or (4) is eventually trivial.

THEOREM 2. Suppose g is an increasing member of G and g(t) < t whenever
t > 0. Suppose u is a solution of (1), (2), (3) or (4), and suppose u has no zeros in
[2(b,),b,). Then there is no interval [c,d] with b, < ¢ < d such that u(t) = 0
whenever ¢ € t € d.
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THEOREM 3. Suppose g is in G, and u is an oscillatory solution of (1), (2), (3)
or (4); u not eventually trivial. Then each of {t:~u(t) > 0} and {t: u(r) < 0} is
unbounded.

Theorem 1, Corollary 1 and Theorem 2 say that some of the peculiarities of
delay differential equations do not occur with a genuine delay; they occur
when the delayed and undelayed situations are mixed. In the case of (1), with
n = 1, these phenomena, and several related phenomena, have been discussed
at length by S. B. Norkin [14, Chapter II, §5]. Theorem 3 says that, in our
circumstances, the two traditional definitions of oscillation coalesce.

If g is in G, it is clear that there are solutions of (2) with each of
uu, ..., ul2rtl) eventually positive. We shall call such solutions strongly
increasing. Strongly increasing solutions of (3) are defined analogously. Our
next theorem ensures the existence of solutions # such that neither u nor —u is

strongly increasing.

THEOREM 4. Suppose g is in G, b > 0, and x is a continuous real-valued
Sunction on [0,b]. Then there is a solution u of (2) such that u(t) = x(1) if
0 < ¢t < b and such that neither u nor —u is strongly increasing. The same
conclusions are true with respect to (3).

For (3), with n = 1, Theorem 4 is a 1e,ult of G. A. Kamenskil [5]. Ladas,
Lakshmikantham, and Papadakis [8, §4] have claimed Theorem 4 without
proof, referring to Kamenskil’s methods. Since Kamenskii’s paper is not
readily available, we shall include a proof of Theorem 4. (We do not know if
our methods are those of Kamenskii’s, but we expect they are, inasmuch as
Theorem 4 admits a fairly “natural” proof.)

PrROOF OF THEOREM 1. Suppose g(c) < c. Now there is 8 > 0 such that
g(c + 8) < ¢, and there is ¢ in (g(c + 8),c) such that u(¢) # 0. Let b > c be
such that g(b) = §. Now some higher derivative of u is nonzero at b,
contradicting the fact that () = 0if t > ¢. The proof is complete.

Corollary 1 is obvious.

PrOOF OF THEOREM 2. Suppose u is a solution of (1), and suppose
b, < ¢ < dand u(r) = 0 whenever ¢ < ¢ < d (the proofs for (2), (3) and (4)
are similar, and we shall not include them). Let {y,},._, and {3,,}_, be
sequences such that y, = ¢, 8, = d, y,,,, = g(y,) and 9,,,, = g(5,,) if m
> 0. Now each of {y,}_, and {8,,}-_, is decreasing and bounded below, so
they have limits. Since these limits are fixed points of g, they are both zero.
Suppose b, = 0. Now u(r) = 0 if m is a nonnegative integer and vy, < ¢
< 6, so u(b,) = 0 since u is continuous. But this is a contradiction. Suppose
b, > 0. Let k be the largest integer with y, > b,. Now g(5,) < v, < b,.
But u(y, ) = —u(z")(yk)/q(ka) = 0since u(r) = 0 whenever y, < 1 < §.
This is a contradiction and the proof is complete.
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ProOF OF THEOREM 3. We shall prove Theorem 3 for 1), .ud the o1l er cases
wilk-be clear. It suffices to assume that u is oscillatory, eve ntually noanegative,
but not eventually trivial, and pre.duce a contradiction. Find ¢ 3 b, such that
u(t) > 0if t > ¢, and find d > c such that g(t) > cif 1t > d. Now u(z") <0
on [d, ), so *"~V is nonincreasing on [4, o0). If ¥®*~1 is eventually trivial,
then there is some point past which ¥ 1s a polynomial. But no nontrivial
polynomial is oscillatory, so ¥~V is not eventually trivial. Thus ¥®*~1 s
either eventually positive or eventually negative. Similar arguments now show
that 4@*~2) is either eventually positive or eventually negative. Continuing this
we see that u is either eventually positive or eventually negative. But since we
know u is eventually nonnegative, this says  is eventually positive, and, in
particular, nonoscillatory. This contradiction cumpletes the proof.

Before proving Theorem 4 we need a lemma. The lemma is obvious, and we
shall not include a proof.

LEMMA 1. Suppose g is in G and u is a solution of (2). Suppose also that there
is ¢ p b, such that u(t) > 0 if g(c) < t < ¢ and such that ul (c) >0if
k =1,...,2n Then u is strongly increasing. The analogous conclusion holds
with respect to (3).

PROOF OF THEOREM 4. If =1 € a € 1and -1 < B < 1, let V(a, B) be that
solution v of (2) such that v(r) = ax(r) if 0 < 1 < b, v(")(b) =0if k=1,
veoy2n—1, and v®(b) = B. If neither of ¥(1,1) and —V(1,1) is strongly
increasing, we are through. Suppose, without loss in generality, that ¥(1,1) is
strongly increasing. Now V(=1,—1) = —¥(1,1), by linearity, so —V(-1,—1)
is strongly increasing. If neither of V(1,—1) and —¥(1,-1) is strongly
increasing, we are through, so suppose ¥(1,—1) is strongly increasing. Lemma
1 and continuous dependence now say there are y and §, -1 < 8§ € y < |,
such that if y < a < 1 then V(a,—1) is strongly increasing and if -1 < a
< & then —V(a, —1) is strongly increasing, and such that y is the smallest such
number and § is the largest such number. In particular, if § < 7 < y, neither
V(n,—1) or —V(n,—1) is strongly increasing. Since —F(0,-1) is strongly
increasing, the interval [8,y] does not contain zero. Thus ¥(1,-1/5)
= (1/8)V(8,-1) satisfies the conclusions of the theorem. If —¥(1,-1) is
strongly increasing, we can find 9, —1 < 9 < 1, such that neither of ¥(1,7)
and —¥(1,n) is strongly increasing. The proof for (2) is complete, and the
proof for (3) is analogous.

I11. Equation (1). Since all of our results for (1) are known if n = 1 (see [2],
[12] and [20]), and for notational convenience, we assume in this section that
n > 1. The following three theorems are our primary results regarding (1).
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THEOREM 5. Statements (i) and (ii) are equivalent.

W) f5° g(dr = co. .
(ii) If g is in G then every solution of (1) is oscillatory. Furthermore, if (i) fails,
ifo<a<1/@n-1),ifgisinG,and ifg(t) < t* and

80 < ([ aas) "

whenever t 3 0, then (1) has a nonoscillatory solution.
THEOREM 6. Suppose h and g are in G, b > 0, h(t) < g(t) whenever t 3 b,
and (1) has a nonoscillatory solution. Then
) v (0) + q((h()) = 0
has a nonoscillatory solution.

THEOREM 7. Suppose g is a continuously differentiable member of G and
g'(1) < 1 whenever t > 0. If

(10) JANCI0) s OP S

or if (10) fails but every solution of

) wo+ (5L 7 186 - 045 )wls) = 0

is oscillatory, then every solution of (1) is oscillatory.

COROLLARY 2. If (5) has a nonoscillatory solution and g is in G, then (1) has a
nonoscillatory solution.

COROLLARY 3. Suppose g is a continuously differentiable member of G and
0<g'() < 1ift > 0. If (10) fails, and

1 (55) + (aEsy 160 - s0Fa9a): =0

is oscillatory, then every solution of (1) is oscillatory.

Since it is known (see G. V. Anan’eva and V. I. Balaganskii [1], H. C.
Howard [4], I. T. Kiguradze [6], V. A. Kondrat'ev [7], and C. A. Swanson [19,
p. 175)) that if

j(; Z 2200V dt = oo

then every solution of (5) is oscillatory, Theorem 5 makes it clear that
oscillation of every solution of (5) is a much weaker condition on g than is (ii).
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Theorem 6 and Corollary 2 (note that Corollary 2 is an immediate conse-
quence of Theorem 6) illustrate our point that, in the relationship between (5)
and (1), delays can destroy, but not induce, oscillation. Theorem 7 is an
extension of [9, Theorem 1}, and is known if g is given by g(1) = ¢.

ProOF OF THEOREM 5. Suppose (i) is true, g is in G, and u is a nonoscillatory
solution of (1). If u is eventually negative we may replace u by —u, so we
assume u is eventually positive. Find a > 0 such that u(r) > 0if ¢ 3 a, and
find b > a such that g(¢) > aif t 2 b. Now u?) < 0 on [b, ®), so w0 g
eventually one-signed. Since w0 s eventually one-signed, u 2n-2) is even-
tually one-signed. Continuing this, we see that there is ¢ » b such that none
ofuu,..., u?Y) has a zero in [c, 0). Let j be the largest integer such that
¥ >0 on [c,0) if i <Jj. Since ¥ <0, # 2n. Since ¥Y) >0 and
WUt < 0,4 is bounded. Thus, if j < k < 2n— 1, u®u®*V <0 on
[¢, ). Since u) < 0, this says that if j < k € 2n— | then u® >0 on
[c, 00) if k is odd and u*) < 0 on [c, o) if k is even. Thusj is odd. Findd > ¢
such that g(¢) » cift > d.Now, if 1 > d, u(g(d)) < u(g(r)), sincew’ > Oon
[¢, ). Thus, if ¢ > d,

W D(d) = ) + [ g6 u(g(s))ds
> [ d6ule(e)ds > u(g(@)) [, a6)s,
sO

WD) > u(g@)) [ a(s)ds

But this contradicts (i), so the proof of (i) — (ii) is complete.
Now suppose (i) fails. We shall show that (ii) fails. Let a be a positive
number with a(2n — 1) < 1, and let 4 in G be given by

. w —]
h() = mm{l, ( f' q(s) dv) }
Now
(13) 7 i1 Vg(dr < co.
Let a be a positive number, a < 1, and find a positive number b such that

(14) a+((1-ap+a )Y <

and



CLASS OF LINEAR DELAY DIFFERENTIAL EQUATIONS 351
(15) a—((1-a)+ a2 > 0,
Letk = (1 —a)b + a"“)'/ (-9 Erom (13) there is ¢ > 0 such that
7 o1 gwar < b.
Let x be a solution of

(16) X)) + ()| x(h(r))|* sgn(x(g (1)) = 0

fort>csuchthat x() =0if 0 < ¢t < ¢, X)) =0,if 1 <k < 2n—2,
and x®V(¢) = a. Now, if 1 > ¢, (16) says

-1 .
) = a4 - e [ = 9 O O o)
SO
) %O < at™t + 2 [ g6) 56
Let y be given on [c, o0) by

20 = a+ [ g lx)I"as,

and note that y is nondecreasing. Also, (17) gives |x(1)] < " 'y(1)if t > . If
d 3 cand h(d) = c, then

|x(h())] < RO w(h(@)) < (RO ()

whenever ¢ > d. But clearly

(18) ()| < [P ()
if ¢ € t € d, so (18) holds whenever ¢ > ¢. If t > ¢ then

Y@ = g@IxB@ < g O x0)",
SO
' 1/(1-a)
19 4)< (a"“ +(-a)f [h(s)]“("'"’q(s)ds) <k
Now (18) and (19) say

(20) x(h()] < kAP
ift 2 ¢. Now, if t 2> ¢,
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XE0() = a — [ 40| 5h6)sgalx(h())) s,

so (20) and (13) say that A = lim,_, x®=V(y) exists. Also, a — k®b < A
< a+ k%, 500 < A < 1. Since lim,_,, x(1)/2"! = A/(2n = 1)! = u >0,
we see x(f) = oo as ¢ = 0. Also, since x(c) = 0 and x(f) = o0 as t = oo,
there is a largest number m in [c, o) such that x(h(m)) = 1. Note that the fact
that (13) implies (16) has a solution x for which lim,_, x(z"")(t) exists and is
positive follows from the work of T. Kusano and H. Onose [21, Theorem 1}.
Furthermore, our proof is virtually the same as that in [21]. We have
reproduced it here to point out that u can be chosen with p < 1, and x can be
chosen with the equation x(h(r)) = 1 having a solution. If ¢ > ¢ then

R = e R O R T
> ol ?22")': - ﬁ)zz"; JREICIECO
> U ok [ qorea)
s ((t—z;—fj);;(a - k%) > 0.

Thus x’ > 0 on (c, ), so x is increasing on [c, o). Clearly now there is a
member f of G such that f(r) = h(f) if t < m and x(f(1)) = x(h(?))*if t > m.
Now x is a solution of

x®(e) + g()x(f(9)) = 0,

and it is clear that (ii) fails. Also, x(f(1))/f()*""" = n and x(h(s))/h(t)**""
—>past— o, s0

NN 1) N | e () W
A D EB W) g " w7

since p < 1, so lim,_,f(f)/h()* > 1. Find a number B > m such that
£ /h(®)* > 1 whenever t » B. Now h()* < f(s)if ¢t > B. It is now clear that
if the proof of Theorem 6 is independent of Theorem 5 then the last
conclusion of Theorem 5 follows from Theorem 6. The proof of Theorem 6 is
independent of Theorem 5.

PrROOF OF THEOREM 6. Let u be an eventually positive solution of (1). Let
¢ » bbesuch that none of u, o/, ..., #?1) has a zero on [c, 0), and let j be
the largest integer such that u) > 0 0n [c, ) if i <. Find d > ¢ such that
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ift » dthen h(t) 3> c.If t > d then

u(®) > u(d) + thl—),f, (t -9 u()as

and
WO > Gy [ 6= P a0,
sO
1
u) > Wd) + G = =1
[ e=9 (7 €= 9P geta @) de)
ey

1
>ud)* o = =)

S ([ € - g0 at )

since ¥’ > 0 and u is increasing on [c, ). Now (21) and standard iteration
methods say that there is a continuous real-valued function v on [0, ) such
that v(r) = u(r) if ¢ > d, such that u(d) < v(f) < u(?) if ¢ > d, and such that

1
G=D'@n—-j-1)

fi -9 ( [ €= e ihe)) de ) s

if ¢ 3> d. Differentiation of (22) says v is a solution of (9), and clearly v is
nonoscillatory, so the proof is complete.

PrOOF OF THEOREM 7. Let u be an eventually positive solution of (1), find
¢ 2 b, such thatnoneof u, u, ..., u?D has a zero in [c, 00), and letj be the
largest integer such that ) > 0 on [c,0) if i < j. Find d > ¢ such that
g(®) > cift > d. Supposej > 1.1f t > d then

v()) = u(d) +

(22)

W0 > G [ 6= 0" e as
Also, if 0 > g(d),
Wo) > =gy oy @ = U@ g

soifs 2 d,
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@) ) > iy e 80 -6 SN

Since g'(?) < 1 whenever ¢ 3 0, g(s) — g(+) < s — ¢ whenever 0 < ¢ < s,
and tince «U) > 0 on [¢, ), «U~Y is increasing on [, ©). Thus, if ¢ > d,

W@ > Gy [ 6= 07 a6 ([1) 186) - e 20D de ) s

> - 3)"f = 079 ( [y 1e6) - 20 )

= g
> SR [ - e[ 10 - 6t )

(-1) )
- (2nu— 3)58(1('0-) 1)f: = 0" @)t - g as

-1 o
> Gl [ 186) - sOP gt .

In particular,

U‘l) 0
@) > B [ [46) - @) a0 s

§O
(24) [ 186) - 8@ *q(s)ds < oo,

Ifj=1,
VO > Gy [ 6= 0" aoe() s
(z:(g(’)z))' J7 186) - 5O a(s)as,

s0 (24) holds in either case. But (24) implies the failure of (10), so half the

proof is complete.
Suppose j = 2n — 1. Now

W@ > [ glo)ulg(e)ds

g (2,:_13')7f,°° q(S)( :)) (gl - e]’""u‘z“'z’(e)de)ds
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if ¢+ > d. But this and standard iteration methods say there is a continuous
real-valued function w on [0,0) such that w(r) = u®2(s) if ¢ < ¢t < d,
(2"'2)(d) < w(t) < WD) ift > dand

@) w0 =g 0[5 186 - e e de) s

if ¢+ > d. Now differentiation of (25) yields (11), so w is a nonoscillatory
solution of (11). This completes the proof if j = 2n — 1. It should be noted
that the case j = 2n — 1 is the only place we actually need that g be
differentiable with g’ < 1. In all other places it suffices to require that
gis) —g() < s—1tif 0 <t <s. To complete our proof we shall actually
prove the stronger conclusion that if j < 2n — 1 then there is a nonoscillatory
solution of

) wO+ (G 86) - 80P a0 ds g ) = 0.
Supposej < 2n—1.Ifj > land ¢ 3 4,
w000 = e [ = 0" s )

I
= =G -2

o 6= 0720 ([1) 56) - 0@ de) s

1
G- =2G=2)

6= 0720 ([} 186) - 120 e) de ) s

U-1 0 S

V)]
e ] AT e O PORF O

Ol
> 4B [ 166) - 201" )

If ¢ is given by
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g 40 = g 86~ 8] "ais)as

this says uU*V()) + o()uU~"N(g(?)) < 0.1fj = 1 and ¢ > d,

i) = gy fi 6= a0 ds > (g0

80 in either case we have a positive solution of

@7 v"()) + ¢((g(®) < 0
ift >dSincev>0andv” <O0on[dw),v'>00n[dw)lfr>t>d

V) - v() < = [ solg)ds

v > v + [ oue)ds > [ atsng)as,

s0 v'(1) > S;° ¢(s)v(g(s))ds. Now there is w such that w(f) = v(f) if ¢ < ¢
< dv(d) < wlr) S v(f)if t > d, and

(28) w(i) = [ slsmig()ds

Differentiation of (28) yields (26), and the proof is complete.
PROOF OF COROLLARY 3. Suppose (10) fails, and let ¢ be given on [0, c0) by

80 = G20 [ 186) - 0P g0

It suffices to show that if (11) has an eventually positive solution then (12) has
an eventually positive solution. Suppose w is an eventually positive solution of
(11). Find c such that if ¢ > ¢ then (11) holds and w(rf) > 0, and find d > ¢
such that if ¢+ > d then g(7) > ¢. Now

w() > [ semlg())ds
if t > d. Find a > dsuch that g(r) » dif t 3 a. Now
wig®) > [ #me@)ds > [ slome(e)ds
ift > a,s0
g (W () > 8'0) [ elmlg(s))ds

if t » a. Let y be given on [a, 00) by y(t) = w(g(r)). Now
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o0
YO >80 [ sns)ds

Standard iteration methods now say that there is a continuously differentiable
function z from [a, ) to [ (@), ) such that z(a) = y(a), z2(f) < y(1)if t > a,
and

(- -]
Z0=g0) [ #sas)ds
if > a. Clearly z is a solution of (12) on [a, o), and z has no zeros on [a, ),
so the proof is complete.

1V. Equation (2). Since we know that if g is in G then (2) has strongly
increasing solutions, the best one can hope for in ensuring oscillation in (2) is
to ensure that every eventually positive suiution is strongly increasing.

THEOREM 8. Statements (iii) and (iv) are equivalent.

(iii) fp° 1q()dt = 0.
(iv) If g is in G every eventually positive solution of (2) is strongly increasing.

THEOREM 9. Suppose hand g are in G, b 3 0, h(r) < g(r) whenever t > b, and
(2) has an eventually positive solution which is not strongly increasing. Then
(29) V() ~ g((h(e) = 0
has an eventually positive solution which is not strongly increasing.

THEOREM 10. Suppose g is in G and g(s) — g(1) < s — t whenever 0 < t < s.
If

(30) L 0P awds = o,

or if (30) fails but every solution of

60 w0+ (g 66 - g0 20 & )ue®) = 0

is oscillatory, then every eventually positive solution of (2) is strongly increasing.

One can draw corollaries from Theorems 8, 9 and 10 in much the same way
that corollaries were drawn from Theorems 5, 6 and 7, and we leave this to the
reader. The following corollary is an immediate consequence of Theorems 4
and 10.

COROLLARY 4. Let g be as in Theorem 10, and suppose that either (30) is true,
or (30) fails and every solution of (31) is oscillatory. If b 3 0 and x is a continuous
real-valued function on [0, b}, then there is an oscillatory solution u of (2) with
u(t) = x(r) whenever 0 < t < b.
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Since it is known [11] that f5° "4 dt = oo implies thar rvery eventual-
ly positive solution of (6) is strorgly increasing, Theorem 8 makes it clear that
to require that every eventually positive solution of (6) be strongly increasing
is a much weaker condition on ¢ than is (iv). The proof that (iii) = (iv) is
similar to the proof of (i) — (ii), so we shall only indicate the high points. The
proof that (iv) — (iii), on the other hand, requires entirely new techniques,
since the results of Kusano and Onose [21] cannot be used here.

PrOOF OF THEOREM 8. Suppose (iii) is true, g is in G, and u is an eventually
positive solution of (2) which is not strongly increasing. Find ¢ > 0 such that
(2) is true whenever > ¢, and such that none of u, , ..., u®" has a zero in
[c, ). Let j be the largest inte;zer such that u>0on [c,00) if i < j, and
note that j is odd. Find d > ¢ such that g(s) > c if ¢ 3 d. By hypothesis,
Jj#2m+ 1,50

W) > Gty ;6 - 7 a6ua6) s

> SEl) 1% - g as,
Thus
;6= a@ds < o,

50 Jg° s/ q(s)ds < o0, and f§° 19(r)dt < oo since 2n — j > 1. This contra-
diction completes the proof of (iii) — (iv).

To complete the proof we shall show that if (iii) is false then (iv) is false.
Suppose (iii) is false. Let A be a member of G such that

fo ® h(i)q()dt < oo

Let v be given on [0, o) by

2n—-1 k

w0 =1+ 3 G+ g €97 € - 9ma@ra )
Now v(7) > 0 and h(t) <t <v()ifr > 0. Also,
V@) =1+ [ (s = Dh(s)q(s) s,

v®() = ~ [ he)a(s)ds,

and v D)) = n()q(r) if £ 3> 0. Let p = v@*D/y. Now v is a positive
solution of
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(32) D) - p(w() = 0

which is not strongly increasing. Since 4 is in G there is at least number ¢ such
that h(c) = 1. Since v is increasing and h(f) < v(r) whenever ¢ > 0, there is a
member g of G such that g(r) = 0if 0 < ¢ < c and h(t) = v(g(t)) if t > c.
Now, if t 3 ¢, p(v(1) = h()g() = q(t)v(g(r)), so (32) says v satisfies (2) on
(c, ). This completes the proof of Theorem 8.

PROOF OF THEOREM 9. Let u be an eventually positive solution of (2) which is
not strongly increasing. Find ¢ 2> 0 such that (2) is true if t > ¢ and such that
none of u, w, ..., u*™ has a zero in [c, ), and findd > c such that h(t) > c if
t 2 d Nowj # 2n + 1, since u is not strongly increasing. Thus, if t 2 d,

W) > ud) + =—; 1)' [ -9 sy as
and

(2n 1j)! f:w (s — " q(s)u(g(s)) ds,

S0

1
G- DH2n=j)!

oy = (7 €= 9P a@uts e at)

u(t) > u(d) +

1 t i ] n—j
> ud) + ==y ly €= ([ € - 9" aure) ae ) as

The remainder of the proof is so similar to the proof of Theorem 6 that we shall
not include it.

It should be noted that (31) is more analogous to (26) then to (11), and that
(11) is used in Theorem 3 instead of (26) only because of one case. The nature
of (2) is such that the analogous case does not occur in Theorem 10.

ProoF oF THEOREM 10. Let u be an eventually positive solution of (2) which
is not strongly i mcreasm% Find ¢ > 0 such that (2) is true if # > ¢ and such
that none of u, v/, . 27) has a zero in e, oo) Fmdd > csuch thatg(r) > ¢
if t 2 d. Letj be the largest integer such that «) > 0 on [c, 0) if i € j. Now
Jjisodd and j # 2n + 1. Suppose j > 1. Now, if ¢ > d,

WY )(,)

~ (n “J)'f (s = 0" q()ulg(s)) ds.

Also, if s > d,
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W6 > gy [y 186) - 120D

SO

g(s)
8(d)

-1 - ’
> __u(2n D [ 6 - aya@( [ s - e 2t as

@) > gt [y 6= a6 ( [, 166 - 8720 de ) as

o) ® : .
= ol 7 6 - )l - 8@ g

JUD
> s [ 186) - @ g,

and

(33) S 186 - 8@ q(s)ds < .
Ifj=1,

W) > Gy fy 6= 7 aulg0)ds

(;f,g(dzguf = d)" ' q(s)ds

(lz‘f,gfdf;.f [86) — 8@ " q(s) s,

50 (33) holds in either case. But (33) implies the failure of (30), so the first part

of the proof is complete.
Again suppose j > 1. Now, if ¢ 2 d,

(@n -;' - 1) ];w (s = "7 g (g (s)) ds

- Ut () =

1 ® e
>@n=j- 1)!(j—2)!fr (- 9""4

( 8:;) [8() - 6172470 )dé) ds

1 o e
> en=j- DG - 2)!f, (= 0" g0
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() 150 - D) ag ) s

(j‘l) -] N s
> etk -0 ([0 156 - et ) as

-1 ) . .
e O 6 - 0 0l - 0

-1 ®
> 5B [ [5(6) - g0t .

If ¢ is given by
1 © ~
¢(l) = (————zn — 2)'./; [g(s) _ g(t)]ZIl 2q(S)d$',
this says that uU+D()) + ¢V (g(r)) < 0if ¢ > d. Suppose j = 1. Now

_u”(’) = -E'T—l—ﬁj;w (s - t)zn—zq(s)u(g(s))ds

> B0 [ 156) - 80P a0 ds

so in either case we have a positive solution of (27) on [d, o). The remainder
of the proof is similar to the proof of Theorem 7, and we desist.

V. Equation (3). As in §II, we assume throughout this section that n > 1. It
is known (see [11]) that (7) not only has solutions which are strongly increasing
but also has solutions which are strongly decreasing, in the sense that
(- l)"u(")(t) >0ift >0andk =0, 1,..., 2n — 1. The existence of strongly
decreasing solutions is, at least with respect to our present concerns, the
primary difference between (2) and (3).

Suppose g is in G, and u is an eventually positive solution of (3). Finde 2 0
such that (3) is true if ¢ > ¢ and such that none of u, iy ..., u% Dhas a zero
in [c, ). Let j be the largest integer such that «) > 0 on [e,0)if i > j. Now
Jiseven. If j = 2n then u is strongly increasing, and if j = 0 then u is strongly
decreasing. But if j # 0, thenj > 2, so « is positive and increasing, and u is
unbounded. Thus u is bounded if and only if j = 0. Ladas, Lakshmikantham,
and Papadakis [8, Theorem 2.1] have shown that, if

(34 timsup [ [0) = g a(0)ds > 2n = D,
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then every bounded solution of (3) is oscillatory, i.e., %j = 0” is impossible in
the-above circumstance. (Actually, [8, Theorem 2.1] has g continuously
differentiable, but an examination of the proof shows that thi: is not
necessary.) In §III we singled out for special attention the eventuaily positive
solutions of (2) which are strongly increasing. The above discussion makes it
clear that the analogy here is the eventually positive unbounded solutions.
which are strongly increasing. We offer .:ree theorems. The proofs are so
similar to those of Theorems 8, 9 and 10 that we shall not include them.

THEOREM 11. Statements (iii) and (v) are equivalent.
(v) If g is in G every eventually positive unbounded solution of (3) is strongly
increasing.

THEOREM 12. Suppose h and g are as in Theorem 9, and (3) has an eventually
positive unbounded solution which is not strongly increasing. Then

v@ (1) — q(u(h(r)) = 0

has an eventually positive unbounded solution which is not strongly increasing.

THEOREM 13. Suppose g is in G and g(s) — g(¢) < s — t whenever 0 € t < s.
If

(35) k. 6P a(ds = o,

or if (35) fails and every solution of

69w+ (G 86 - sOP 000 d)us®) = 0

is oscillatory, then every eventually positive unbounded solution of (3) is strongly
increasing.

The aforementioned result of Ladas, Lakshmikantham, and Papadakis [8]
can be coupled with Theorem 13 to produce the following result.

COROLLARY 5. If (34) and (35) are true, or if (34) is true, (35) is false, and every
solution of (36) is oscillatory, then every eventually positive solution of (3) is
strongly increasing.

Theorem 4 and Corollary 5 can be combined to give a corollary similar to
Corollary 4, and we desist.

V1. Equation (4). It follows from a result of P. Hartman and A. Wintner [3]
that there exists a strongly decreasing solution of (8). On the other hand, it is
known [12] that if ¢ is “large” enough then strongly decreasing solutions of (8)
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are the only eventually positive solutions of (8), i.e., there are no unbounded
nonoscillatory solutions. -

Suppose g is in G and u is an eventually positive solution of (4). Find ¢ > 0
such that (4) is true if ¢ > ¢ and such that none of u, «, ..., 4*" has a zero
in [c, c0). Let j be the largest integer such that u) > 0 on [c, ®) if i < j. Now
J is even. Thus u is unbounded if and only if j > 0. With the restriction
*j > 0” in the proofs, virtually all of the analysis of §1I can be performed on
(4) instead of (1). The following theorems are so similar to Theorems 5, 6 and
7 that we do not include proofs.

THEOREM 14. Statements (i) and (vi) are equivalent.
(vi) If g is in G every eventually positive solution of (4) is bounded.

THEOREM 15. Suppose h and g are as in Theorem 6, and (4) has no eventually
positive unbounded solution. Then
V@ D@) + g((A()) = 0
has an eventually positive unbounded solution.

THEOREM 16. Let g be as in Theorem 3. If

(37) k80P a5y ds = oo,

or if (37) fails but every solution of

” 4 /(t) © _ 2n-2 ) -
09 w0+ (G5 [ 10 - g0 a6 ds)wlg(0) = 0
is oscillatory, then (4) has no eventually positive unbounded solutions.

It follows from [8, Theorem 2.1] that if
t
(39) timsup [ £0) ~ £()]"q(s)ds > (2n)

then (4) has no bounded nonoscillatory solutions. Thus we have the following
result.

COROLLARY 6. If (37) and (39) are true, or if (37) is false, every solution of (38)
is oscillatory, and (39) is true, then every solution of (4) is oscillatory.
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